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It is determined that the number of inequivalent Hadamard matrices of order 
24 and character at least 3 is at least 29. N. Ito, J. Leon and the author are de- 
termining the equivalence classes among the 133 matrices given here. The author 
has shown elsewhere [in “Theory and Applications of Graphs,” Lecture Notes in 
Mathematics No. 642, Springer-Verlag, Berlin/Heidelberg/New York, 1978; and 
in “Proceedings of the April 1978 Meeting of the New York Academy of Sciences”] 
that all Hadamard matrices of character 2 and order 24 have higher transpose 
character and that there is exactly one matrix of order 24 with both characters one. 
1. INTRODUCTION 
We assume a basic familiarity with the theory of Hadamard matrices (see, 
for example, M. Hall, Jr. [2, Chap. 141). 
The entry in the i-th row and j-th column of the matrix H is denoted by 
HG, 3. 
DEFINITIONS. For i f j, let A(i, j) be the set of columns of a given 
Hadamard matrix of order 3 8 on which rows i and j agree, and let D(i, j) be 
the set of columns on which they differ. For any i, A(i, i) = C, the full set of 
columns, and D(i, i) = o . The following are obvious. 
(i) / A(i,J)I = I D(i,,j)j = 4 (the order of H), for i # j. 
(ii) A(j, k) = (A(i,j) n A(i, k)) U (D(i,j) n D(i, k)). 
(iii) If i, j, k are all different then A(i,,j) # A(i, k), and j A(i, j) n 
A(i, k)! = 4 I A(i,,j)l . 
(iv) If i,j, k, I are all different and if A(i,,j) = A(k, I), then 8 divides the 
order of H. 
The character of H is the largest number of distinct pairs of rows of If 
having the same agreement set. Thus every Hadamard matrix of order 
8t + 4 has character 1. The rows of a Hadamard matrix H may be assembled 
in sets of pairs with the same agreement sets. The partial format of H is a list 
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of the cardinalities of these pair sets, written in the style used for partitions. 
Thus the three Hadamard matrices of order 20 have partial format (IlO). The 
transpose of H also has a partial format, so we may write (ll”; ll”) for the 
format of such a matrix. The unique Hadamard matrix of order 8 has format 
(4; 4). The order 16 Hadamard matrices known as group, three-quarter 
group and one-half group all have format (8; 8). The first three-eights group 
has format (42; 8) and the second three-eights group has format (8; 42). 
The concept of character is derived from that of characteristic for block 
designs (see Bhat and Shrikhande [l]), to which it is related. 
In this paper we show that if H is a Hadamard matrix of order 24 and 
character at least 3, then H or Hi has one of the following formats: (12; 12), 
(12; 62), (12, 43), (12, 34), (12, 27, (12, 112), (62, 62), (62, 43), (62, 34), (62, 26), 
(43, 43), (43, 34), (43, 26), (34, 33. The formats 12, 62, 43, 26, 112 are all unique. 
The format 34 can occur in two non-equivalent manners, denoted by 341 and 
342. These are both attained in each of the formats listed above, so there are 
at least 19 inequivalent matrices under consideration, counting H and Ht as 
equivalent, or 29 if they are not taken to be equivalent. All of the matrices in 
each of the first seven classes listed can be shown equivalent, and it seems 
likely that this is true of each class, but not worth pursuing. 
2. DEVELOPMENT OF THE INTERNAL DESIGN 
Let H have order 24 and character at least 3. For brevity, we regard all 
those matrices equivalent to H under signed row and column permutations 
as being H. Thus, let the first six rows of H be labeled I, II, III, IV, V, VI so 
that A(I, II) = A(II1, IV) = A(V, VI). By suitable rearrangements then, the 
first six rows of H may be taken to be: 
111 111 111 111 111 111 111 111 
111 111 111 111 --- --- _-- --- 
111 111 -_- --- 111 111 --- --- 
111 111 --- --- --- --- 111 111 
111 --- 111 --- 111 --- 111 --- 
111 --- 111 --- --- 111 --- 111 
The label S, refers to all of columns 1,2, 3, the label S, to columns 4,5, 6, and 
so on. A(1, II) = S, u S, u S, u S, . If i is any other row of H, then i has, 
say,al~inS,,bl~inS3,cl~inS,anddl~inS,.Call(a,b,c,d)thetypeof 
row i if a 3 2. If a < 2, negate row i to get a new row i with type (3 - a, 
3 - b, 3 - c, 3 - d) and 3 - a 3 2. Since row i is orthogonal with rows 
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I ,..., VI we also have a + b + c + d = 6, so there are the following possible 
types for any row i. 
{a, b, c, 4 = {3,3,&O> A type 
= (3, 1, 1, I} or {0,2,2,2} roman type 
=K4 I,%31 greek type 
= (1, 1,2,2) Chinese type 
We now prove several simple lemmas about these types in order to show that 
H must have exactly 9 rows each of the two Chinese types (2, 1,2, 1) and 
(2, 1, 1,2). If row i has type (a, b, c, d) and row j has type (e,f, g, h) then 
row i 0 row j can be written as 
a, b, c, d 
0 e, f, g, h 
w, x, )‘, z 
where w  gives the partial value of row i 0 row j on S, 0 S, , etc. If a or e is 0 
or 3, then w  is unique. If e = e # 0,3 then w  can be +6 or f2. If a # e and 
neither is 0 or 3 then u’ can be -6 or +2. Also, 
3=0 3=0 3=0 3=0 
0 0 0 3, 0 1 0 2, 0 2 0 1, 0300 
- - - - - - -- 
-6 -2 $2 +6 
LEMMA 1. H has no roman row, nor any Chinese row (2,2, 1, l), 
Proof: 
RowVI= 3 3 0 0 3 3 0 0 
03 1 1 1 02 0 2 2 
6-2+2+2#0 2-6-2-250 
3 3 0 0 3 3 0 0 
02 2 2 0 02 2 1 1 
2+2-2+6#0 2+2+2+250. 
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LEMMA 2. H has at most two greek rows. 
Proof. Row I/ is orthogonal to exactly the following greek types: (3,0, 
1, 2) (3,0,2, l), (2, 1, 0, 3), (2, 1, 3,0), no three of which are mutually 
orthogonal, nor can two greek rows of the same type be orthogonal. 
LEMMA 3. H has at most 9 Chinese rows of type (2, 1, 2, 1) and at most 9 
of type (2, 1, 1,2). 
Proof. Let i and j be Chinese rows of the same type. Each resolution 
contributes either +3 or - 1 to i 0 j, so there must be exactly two resolutions 
on which i and j agree completely. Suppose some four rows agreed completely 
on a given resolution, then on some other resolution, all four must have 
different entries. Since a resolution has but three columns, this is impossible, 
so in any resolution there are at most 3 rows agreeing completely in each of 
three positions. Thus there are at most 9 rows of either Chinese type. 
LEMMA 4. H has no A type row. 
ProoJ In the same way that row V presents all Chinese rows (2, 2, 1, l), 
any A-type row prevents all Chinese rows of some family, leaving H with at 
most 6 + 2 + 9 + 1 rows. 
LEMMA 5. H has no greek row. 
Proof. From the above, H must then have 16 or 17 Chinese rows and at 
least 7 of each type. 
Now 3 0 1 2 3 0 2 1 
02 112 02 12 I 
2+2 - - 2+2 - - 
2 1 0 3 2 1 3 0 
02 112 02 12 1 
- -+2+2 -+2+2 - 
All imply that each of the blanks must be filled with -2. This means that in 
those four resolutions where there are blanks, every Chinese row of one type 
must be different from the greek row, so there are only 2 possible placements 
for a Chinese row, and thus only 6 possible Chinese rows of the given type, 
leaving H with at most 6 + 2 + 6 + 9 rows. 
Conclusion. If H has character at least 3 then H has 9 rows of type 
(2, 1, 2, 1) and 9 rows of type (2, 1, 1, 2), as well as rows I ,..., VI. 
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DEFINITION. For 9 Chinese rows of the same type in H, take the rows as 
treatments of a design D and take as blocks the sets of 3 rows which agree 
completely in a resolution. Thus D is a resolvable (24, 9, 8, 3, 2) design. For 
example, the matrix H B2.1 (678) 
111 111 
111 111 
--- --- 
111 --- 
11 lj--- 
l-- -11 
-I- l-l 
l-- ll- 
--1 ll- 
I-- l-l 
-I- ll- 
I 111 111 
II 111 111 
III 111 111 
IV 111 111 
V Ill --- 
VI 111 --- 
~~ 
1 -11 l-- 
2 -11 l-- 
3 -11 -l- 
~___ 
4 l-1 l-- 
5 l-1 --1 
6 l-l --1 
___~ 
7 ll- --1 
8 ll- -l- 
9 11- -l- 
~___ 
: -11 --1 --  
C -11 -1- 
-, 
d l-l l-- 
e 1 - 1 - 1 - 
f l-l -l- 
____- 
f; 
II- l-- 
11 -,l-- 
i 11-‘-- 1 
--I --I 
-l- -11 
--I l-l 
_______ 
- l- -11 
--1 l-1 
--1 ll- 
--1 -11 
l--)-l 1 
- l-11 - 1 
l--- l-l 
-l- ll- 
l--/l l- 
has the design 
111 111 
111 111 
--- --- 
111 --- 
--- 1 1 1 
____ 
-11 l-- 
l-l -l- 
l-l --1 
-~ 
II- --1 
ll- -l- 
-11 l-- 
-___ 
l-l l-- 
11- --I 
-11 -l- 
-,- 
-1-l-l 1 
I-- l-l 
-l- ll- 
______ 
--l/-l 1 
l-- ll- 
-- I,1 - 1 
______ 
-l- l-l 
l-- ll- 
--1 -11 
._ 
.- 
.- 
__ 
_. 
_. 
- 
111 111 
--- --- 
--- --- 
111 111 
111 --- 
--- 1 1 1 
___~ 
l-- -11 
-l- l-1 
--I ll- 
~____ 
l-- 1-l 
--1 -11 
-l- ll- 
-- 
--1 l-l 
-l- -11 
1-- ll- 
~_____ 
l-l l-- 
11- -l- 
-11 --1 
-- 
-11 -l- 
ll- l-- 
1-1 --1 
~____ 
-11 l-- 
A- 
1-1 -l- 
ll- --1 
123 124 135 178 169 167 149 158 
456 389 268 259 237 259 269 247 
789 567 479 346 458 348 357 369 
for the Chinese rows of type (2, 1,2, 1) and the design 
abc &h egi ade beh adi c& aeg 
def cef afh bfg w  bfg afh bdh 
ghi abi bed chi dfi ceh bei cfi 
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for the Chinese rows of type (2, 1, 1,2). It is no coincidence that these designs 
are isomorphic. 
In [5], it is shown that there are exactly 9 resolvable (24,9,8, 3,2) designs 
which contain the unique (12,9,4, 3, 1)-design (the affine plane of order 3), 
and it is simple but tedious to show that all the designs which occur here 
contain this design. Since it is not necessary to show this, it will not be done. 
The 9 doubly resolvable designs are listed in table 1. Note that in the given 
matrix, for instance, we could interchange columns 4 and 5, so that resolu- 
tion S, would read (124 dgh, 567 abi, 389 cef)t, although 124 and dgh will 
always “belong” to the same column, as will 567 and abi. Thus we may take 
it that the order given in table I for blocks within a resolution is standard. 
There are thus potentially 9 designs in each of 8 ! resolution arrangements for 
each set of Chinese rows. There are not, however, (9 x 8 !)” inequivalent 
matrices here. 
3. PRELIMINARY EQUIVALENCES 
3.1. There are many signed permutation matrices P which preserve the 
shape of the first 6 rows of H and therefore preserve both Chinese designs of 
H while permuting the resolutions of these designs. The group G of such 
design preserving mappings is generated by the following operations. 
(i) Choose one row from each of the pairs (I, II), (III, IV), (V, VI) to be 
rows I’, Ill’, V’. This forces their mates into position, since although 
A(I, 111) = A(I1, IV), also A(I, III) # A(V, VI). 
(ii) Choosing some resolution to be resolution S, 
If we read (V, Vl)(S5, S6)(S7, S8) to mean that rows V and VI are inter- 
changed, that the columns 13, 14, 15 are exchanged for 16, 17, 18 in any 
order, that 19,20,21 are exchanged for 22,23,24 in any order and that all 
necessary complements are taken then G contains the group generated by 
(I, III)(ll, lV)(-V)(-VI)(Sl, S2)(S5, Ss)(-S3)(-S4)(-S7)(-Sg)(-D)(-D*) 
(I, -V)(II, -Vl)(Sl, -S2, S3, -S4)(S5, -S6, S7, -S8)(-111)(-R) 
(-II)(-IV)(-VI)(Sl, S5)(S2, S6)(S3, S7)(S4, S8) 
(III, IV)(V, VI)(S5, S8)(S6, S7) 
(I, II)(III, lV)(-S5, -S6)(-S7, -S8). 
Noting that none of these can separate the four resolutions which originally 
occur in Sl u S2 u S3 u S4, we see that there are at most (C(7, 3) x 3!) 8! 
inequivalent matrices under consideration. 
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3.2. The Two Designs of H 
Let D be the design for the rows of type (2, 1, 2, I) and let D* be that for 
those of type (2, 1, 1,2). Within D, we may refer to the three blocks of D in 
any Si as the i-th resolution of D. Two resolutions of D are related in exactly 
one of the following ways. 
(i) all three blocks are repeated (such as Sl and S5 of R. 2) 
(ii) exactly one block is repeated (such as S2 and S6 of R. 2) 
(iii) no block is repeated, but 3 pairs of treatments are repeated (such 
as S2 and S6 of R. 3) 
(iv) no block is repeated and exactly 2 pairs of treatments are repeated 
(such as Sl and S5 of R. 8) 
(v) no pair of treatments is repeated (such as Sl and S2 of each design). 
The doubly resolvable (24, 9, 8, 3,2)-designs. 
pz~ KzJE~~ pi; 
R. 1. Two identical copies of E. 
z.Z E. 
R.2 E + Cl,& 3) (1,4, 7) (1, 579) Cl,& 8) 
(4, 536) (2,6,9) C&4,8) (2, 577) 
(7, 8,9) (3, 5, 8) (3,671 (3,429) 
R.3 E + (I,% 3) (1,4,9) (1,5,8) (L&7) 
(4, 596) (2, 597) C&6,9) C&4,8) 
(7, 8,9) (3,&g) (3,4,7) (3, 599) 
R.4 E + (1, 2, 3) (1,4, 7) (1, 5,9> Cl,% 8) 
(4, 5, 8) (2, 8, 9) C&4, 6) (2, 5, 7) 
(6, 729) (3, 5, 6) (3, 7, 8) (394, 9) 
R.7 E + 
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(1,2,3) (1,4,6) (4 58) 
(4, 539) C&5,7) (2,6,9) 
(677, 8) (3,899) (3,477) 
(1, 7, 9) 
G&4,8) 
(3, 596) 
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R.8 E + Cl,& 4) (1,3, 7) (1, 536) Cl,& 9) 
(3, 5, 8) (2, 5, 9) (2, 7, 8) (2, 3, 6) 
I(6, 7, 9) (4,6, 8) (334, 9) (4, 5, 7) 
5~9 E + Cl,& 4) (1,3,8) (1,5,7) (1,6,9) 
I ! 
(3,7,9) (2,5,9) C&3,6) C&7,8) 
(596, 8) (4,637) (4, 879) (334, 5) 
Up to this point, we have only used the orthogonality of the rows of H. 
Since the columns are also orthogonal, and since the value of the first 6 rows 
of the dot product of any column from Si with any column from Sj depends 
only on i and j, we see that the, relationship between the i-th and j-th resolu- 
tions of D* must be exactly that between the i-th and j-th resolutions of D, 
and that a pair or no repetitions must occur on each column. 
Designs R.l,..., R.7 are distinguished by the numbers and placements of 
repeated blocks they have. In R.8 the resolutions meet in 3 pairs in 4 ways 
whereas in R.9 they do this in 6 ways. Thus D* must be isomorphic to D as a 
block design, and only certain resolutions of D* may occur in a resolution of 
H with a given resolution of D. Note that under the mapping (1879352)(46), 
the design D of HB21(678) is really R.6 with the resolutions arranged in the 
order (7,4,2, 1, 3, 5, 6, 8); and under ( 2: ,“,“: $&i) the design D* is also R.6 
but with resolutions in the order (8, 3, I, 2, 4, 6, 5, 7). There is a different 
relabelling of D* which gives the same arrangement as that of D, namely, 
( 
abc def ghi 
246 581 739 ). 
3.3. Congruence Between Different Types 
If row i has type (2, 1,2, 1) and row .j has type (2, 1, I, 2), then i 0 j has 
value +3 or - 1 in each resolution in A(1, 11) and value -3 or + 1 in each 
resolution of D(I, II). Call i and j congruent on Sk if i 0 j = f3 on Sk. 
Clearly, i and j are congruent on A(1, II) as often as on D(I, II). As an example, 
in HB21(678), row 1 and row a are congruent in Sl, S4, S6 and S8, whereas 
neither row 4 nor row 9 is ever congruent with row a. 
LEMMA 6. Zf the block (i, j, k) occurs twice in D (or D*), then it occurs 
once in A(Z, ZZ) and once in D(Z, II). 
Proof. Rows i, j, k occur in different blocks in each of the 6 resolutions 
not containing (i, j, k). At least 2 of these 6 resolutions are in A(Z, II), along 
with a resolution which does contain (i, j, k). Let row x be any of the 3 rows 
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of D* which are congruent with (i,j, k) in its first appearance, then in the 
three specified resolutions, x is congruent 5 times with various members of 
the set {i,j, k}, so x must needs be congruent with them at least 5 times on 
D(Z, II). If however (i,j, k) occurred a second time in A(Z, ZZ), then x could 
only be congruent with them four times. The same argument holds for D*. 
This lemma shows that R.1, for example, has at most 6 inequivalent 
arrangements, if we ignore the lower design. 
4. THE DETERMINATION OF D* 
In any design D, the resolutions in A(1, II) can only be related to each 
other in one of the last three ways listed in 3.2, because of lemma 6. We 
distinguish three cases. 
Case E. No pair of treatments is repeated in A(Z, II). This implies that the 
four resolutions of D may be taken to be. those of E in exactly the order 
given in Table I. D* also has no repeated treatment pair, from the argument 
in 3.2, so each of 1,2 ,..., 9 is congruent with a unique one of a, b,..., i at 
least 3 times in &I, II) Let i* be congruent with i at least 3 times in A(1, II), 
for i = l,..., 9. 
LEMMA 7. Zf (i, j, k) is a block in D in A(Z, ZZ) and if i* and i andj* andj 
are congruent 4 times, then also k* and k are congruent 4 times. 
Proof. D* must be isomorphic with E in A(Z, ZZ). 
LEMMA 8. Zf (i, j, k) is not a block in A(Z, II) and if i* and i, j* and j, k* 
and j, k* and k are congruent there 4 times, then I* and 1 are congruent there 
4 times for I = I,..., 9. 
Proof. Clear from lemma 7. 
From lemmas 7 and 8, there are 0, 1, 3 or 9 pairs i* and i which are con- 
gruent 4 times in A(1, II). If there are 9, then D* is identical with D. This case 
applies to R.i for i = l,..., 9. If there are 3 pairs then they are in a block, 
which we may take to be (1,2,3) in D and (a, b, c) in D*. The other two 
blocks of the first resolution of H are then (456, ghi) and (789, def) and D 
and D* are identical in S2 u S3 u S4. Moreover, some resolution of H in 
D(1, II) is equal to Sl of H, which we may take to be S5 (by section 3.1), and 
then resolutions S6, S7, S8 of D and D* are identical. This case can apply 
only to R.1, R.2 and R.3. If there is 1 pair, we may take it to be 1 and a. 
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Every block (1, i,j) of D must be in its column with the block (a, i*, j*) of D*, 
so that A(1, II) is exactly this. 
123 abc 
456 gef 
789 dhi 
147 a& 
258 ceh 
369 bfi 
159 aei 168 afh 
267 bhg 249 bde 
348 cdf 357 cig. 
Now b is congruent with 3, 6, 9 twice each, as well as with 2 three times, so 
(3,6, 9) is also a block in D(I, II). Similarly, the congruences of c imply that 
(2, 5, 8) is repeated in D(I, ZZ). Since the blocks of D in D(I, ZZ) also form E, 
this means that (3,6,9) and (2, 5, 8) are in the same resolution of D, so that 
(1,4,7) is also repeated. The congruences of g and d give that (4, 5,6) and 
(7, 8,9) must be repeated, and so also must (1, 2,3). The only design with 2 
repeated resolutions is R. 1, so this case only applies to R. 1. 
If there are no pairs i* and i congruent 4 times in A(1, II), but there are at 
least two resolutions in which all i* and i are congruent then D* may be taken 
to be, in A(1, II), 
ghi a& aei afh 
abc beh bfg bdi 
def cfi cdh ceg. 
The congruences of a, d, g imply that blocks (1,2,3), (4, 5,6) and (7, 8,9) are 
repeated, so this applies only to R.l, R.2 and R.3. If at most one resolution 
has all i* and i congruent, then we may take D* in A(I, II) to be 
abc cdg adi a@ 
def aeh beg bdh 
ghi bfi cfh cei 
Again, the congruences of a, h, b, d imply that the design is R. 1. 
We refer to R.i with 9 pairs as R.i s for i = 1,2, 3 and as R.i for i = 4 ,..., 9. 
We refer to R.i. with 3 pairs as R.i a for i = 1,2,3. Since R.2 a could occur 
either with or without the distinguished treatment 1 as one of those in a 
congruent pair occurring 4 times, we further take R.2 a, and R.2 a2 . The 
version of R.l in which exactly one resolution has every i and i* congruent 
will be R.l c, and the remaining cases with no i and i* congruent 4 times 
will be R.i d for i = 1,2, 3. Each of these methods of pairing D and D* gives 
rise to six possible matrices, since the group G only guarantees us the order 
Sl, S2, S3, S4, S5, Si, Sj, Sk whenever Sl, S2, S3, S4 of D are all in A(1, II) 
or all in D(I, II). These will be given by R.x r(i, j, ZC) for all designs, meaning 
that the i-th resolution of R.x as given in table I shows up in H in resolution 
S6. Thus R.2 a2 (786) would have resolutions: 
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Sl S2 S3 S4 S5 S6 S7 S8 
123 147 
456 258 
789 369 
ghi a& 
def beh 
159 
267 
348 
aei 
bfis 
168 123 159 168 147 
249 456 248 257 269 
357 789 367 349 358 
afh ghi a& aei afh 
bdi def bfi bdh beg 
abc cfi cdh ceg abc ceh cfg cdi 
So case E gives 15 x 6 = 90 possibly inequivalent matrices. 
Case A. Some two resolutions of D in A(I, II) or some two in D(I, II) 
meet in two treatment pairs, but no two meet in 3 treatment pairs. Take as 
A(I, II) the side with more treatment pairs. By the argument in 3.2, we may 
take these resolutions, permuted to Sl and S2, to be Sl = (123 abc, 456 def, 
789 ghi) and S2 = (124 dgh, 357 cfi, 689 abe). Let the expression (1, 2) 36 
e(g, h) i represent each of the following columns: 
136 egi, 136 ehi, 236 egi, 236 ehi. 
Then all the possible columns for S3 and S4 of H are easily determined. They 
may be put into 11 different types of resolutions, bearing in mind that no 
resolution of H in A(I, II) meets either Sl or S2 in three treatment pairs. The 
11 types of resolutions fall into 3 classes, such that if Al and A2 are in the 
same class then there is a relabelling of D u D* such that {Sl, S2, Al) = 
{Sl, S2, A2) under this relabelling, although of course it need not take Sl 
to Sl. 
These classes may be represented by 
al. (1,2)36 e(g, h) i 
(132) 5(8,9) (a, b)f(g, 4 
47(8,9) (a, b) cd 
a2. (1,2) 3(8,9) dei or ef( g, h) 
(1,2) 5(8,9) (a, b)f(g, h) or (a, b) di 
467 (a, 4 ck A) 
a3. (1, 2) 5(8,9) 
(L2) 67 {(a, b) f(g, h), (a, b) 4 ce(g, W> 
34(8,9) in any order 
(two members). 
(eight resolutions, each 
with two possible D*‘s) 
(one resolution with 
six possible D*‘s). 
If any three resolutions in A(I, II) form a set Sl, S2, al, take these. 
Taking S3 = (136 egi, 258 afh, 479 bed), the design D must have the blocks 
(I 78), (239) and (456), all in the same resolution. Since (456) is in Sl, we have 
S5 = (178 bhi, 239 acg, 456 def). Similarly, the blocks (159), (267), (348) 
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(adi), (bfg) and (the) must occur in some resolution S, but it may be either 
in A(1, II) or D(1, II). The design D now has 12 possible completions: 
(1 - 6) T = (i47, j59, k68) where (i, j, k} = (1, 2, 3) 
U = (i69, j48, k57) 
V = (i58, j67, k49) 
(7 - 12) T = (i47, j58, k69) 
U = (i59, j67, k48) 
V = (i68, j49, k57) 
and D* has 12 completions: 
(1 - 6)* (xdg, yei, zfh) where {x, y, z} = {a, b, c}. 
(xfi, ydh, zeg) 
(xeg, yfg, zdi) 
(7 - 12)* (xdg, yeh, zfi) 
(xei, yfg, zdh) 
(xfh, ydi zeg), 
Take the following as labels for these. 
ix jy kz D D* 
In(l -6) 1 2 3 1 l* 
In (6 
1 3 2 2 2* 
2 13 3 3* 
2 3 1 4 4* 
3 1 2 5 5* 
3 2 1 6 6* 
12) 1 2 3 7 7* 
1 3 2 8 8* 
2 1 3 9 9* 
2 3 1 10 10* 
3 1 2 11 11* 
3 2 1 12 12* 
Since none of (147), (168), (249), (258), (357), (369) can be a block in A(1, II), 
and since at most one resolution of the three listed in a set can be in A(1, II) 
we find that the D’s and D*'s can be assigned to each other in only one way. 
,$32/a/27/r-8 
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1 2345 67 8 9 10 11 12 
5* ll* 7* 4* l* IO* 6* 12* 9* 2* 3* 8* 
In the pairs (10,2*) and (11,3*), the position of S is determined. In the 
remaining pairs, S can be on either side, as can a unique other resolution. 
Except for the pair (7,6*), there is only one way to match up the blocks of D 
and D* in columns, once the position of S is chosen. In (7,6*), S is repeated, 
but any of the six matchings of (159), (267), (348) with (adi), (bfg), ceh) gives 
a Hadamard matrix, so long as the same matching is used in A(I, IT) and 
D(I, II). We call these Al .i for i = 1, 2 ,..., 12. Except for i = 7, 10, 11, we 
also have A1.i a and Al .i b, where Al .iu is the version with S in D(I, II). For 
i = 7 we write Al .7 xyz where (x, y, z> = (a, b, c> and Al .7 cba for example 
means that S = (I 59 ceh, 267 bfg, 348 adi). Several of these are isomorphic 
as design pairs D, D*. 
Al .7 acb is isomorphic with Al.7 cba 
A 1.7 abc is isomorphic with A 1.7 cab 
Al.12 a -A1.9a-Al.1 a-A1.4a 
Al.l2b-AA1.9b-Al.1 b-Al.4b 
Al.8 b - Al.5 a 
Al.8 b - Al.5 b 
Al .6 a -AA1.2a 
Al.6 b m-Al.2 b 
A1.10a~A1.11 a 
Ai.lOb-Al.11 b. 
It is true that Al .6 - Al.8 as designs D, but not as design pairs D, D*. In 
each case, we only retain the design pair listed first. This leaves 13 design 
pairs of type al, and so 13 x 3 ! matrices. If no three resolutions in A(I, II) 
make a type al set, but some three make a type a2 set, take them. Taking 
(138,259,467) as representative of a2 and ignoring the lower design, the only 
resolvable completions of D must have S = (179, 236,458). 
Again, there are the same twelve completions for D. However, none of 
(147), (148), (169), (257), (259), (268), (357), (358), (368) can occur in A(I, II), 
nor any of (148), (157), (168), (249), (258), (269), (347), (367), (369) in D(I, 11). 
Thus, only those completions numbered 1, 2, 9 and 11 survive. In 9, the 
resolution I/ = (247, 158, 369) must be in A( I, II) and V is of type al. In 2 
and 11, a pair of resolutions in D(1, II) meet in three treatment pairs. In 
1 there is a resolution which may occur either in A(I, II) or in D(1, II). In 1, if 
S is in A(1, II) then a pair of resoiutions meet in three treatment pairs, and if 
V is in A(1, II) then D(1, II) is of type Al. 
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A2 has S4 = (156ahi, 278bdf. 349ceg) 
S5 = (179bgi, 236acd, 458efh) 
S6 = (147cdh, 259afg, 368bei) 
S7 = (169aeh, 248bdg, 357cfi) 
S8 = (158adi, 267bfh, 349ceg). 
This leaves us with one design pair, A2, and so 6 matrices. 
If every set of three resolutions in A(1, II) makes a type a3 set, then in 
particular S3 and S4 must both be from a3. If S3 = (159,267, 348), then S4 
can only be (258, 167, 349). Each of four orders of (afg, bdi, ceh) for S3 gives 
a unique order of (bfh, ceg, adi) for S4. Only three of these admit a (1,4) pair 
in D(I, 11). One of these three has no second 1, 3 pair. The remaining two are 
isomorphic. With the order given for the lower design in S3, the lower design 
in S4 also has the given order. The remaining octants are: 
S5 = (138ach, 279bgi, 456def) 
S6 = (168beg, 357cfi, 249adh) 
S7 = (159afg, 478ehi, 236bcd) 
S8 = (147cdg, 258bfh, 369aei). 
Case B. Some two resolutions in A(1, II) meet in three treatment pairs. 
Take these resolutions to be Sl = (123 abc, 456 def, 789 ghi) and S2 = 
(124 dgh, 389 cef, 567 abi). As in case A, we find three equivalence classes of 
resolutions possible for S3 and S4. 
Bl (12)3(56) (ef)(gh)i 
(1 WW9) WNef)(gh) 
47(89) (ab)cd 
B2 (12)3(56) (ef)(gh)i 
(12)7(89) (ab)d(ef) 
WWW WMd4 
B3 (12)(56)(89) 
WWW) 
347 
There is no need to determine the lower half of B3, since we will prefer Bl 
and B2 over B3. By the lemma on repeated blocks (lemma 6) two members 
of B3 cannot be in A(I, II). 
Case Bl. Taking S3 = (135 egi, 268 afh, 479 bed), we find we must have 
(237) (458), (178) (346) and that all other blocks are of the form (1, 2, 3) 
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(4, 56) (7, 8,9), so also we must have (259) and (169). The usual 12 com- 
pletions of the upper design have compatible lower designs in four cases, two 
of which have a pair of resolutions which may be on either side of the matrix. 
The resolutions (i 47, j 59, k 68), etc., may be completed for (i, j, k) = 
(1, 2, 3) or (2, 3, l), the former in two ways. The resolutions (i 47, j 58, k 69), 
etc., may be completed for (i, j, k) = (1, 2, 3) or (2, 1, 3), the latter in two 
ways. Since all of these have an equal number of repeated pairs on each side, 
they are isomorphic in pairs and Case Bl gives three design pairs. Bl.la and 
Bl.lb have S5 = (169 beh, 237 tag, 458 fid), S6 = (247 bdh, 158 age, 369 
cfi), S7 = (268 afh, 149 cdg, 357 bie). Bl.la has S4 = (178 ade, 259 bfg, 
346 chi), S8 = (259 bfg, 167 aid, 348 the) and Bl.lb has S4 = (259 bfg, 
167 the, 348 aid), S8 = (178 chi, 259 bfg, 346 ade). B1.2 has S4 = (159 bfh, 
267 ceg, 348 aid), S5 = (147 bdg, 258 ahe, 369 cfi), S6 = (168 afg, 249 cdh, 
357 bie), S7 = (178 chi, 259 bfg, 346 ade), S8 = (169 beh, 237 acg, 458 fid). 
As usual, we can assume that Si is actually in position Si only for 1 < i < 5, 
so there are 18 matrices of this type. 
Case B2. We take S3 = (135 egi, 278 fad, 469 bch), and assume that no 
Bl type arrangement prevails in A(I, II). The blocks (179) (236), (458) are 
easily seen to be necessary. Since all the rest must be of the form (1,2, 3) 
(4, 5, 6)(7, 8, 9) these three must be in a resolution together, and in A(I, II). 
The blocks (168), (259), (347) must also occur. There is nothing at this time 
to say they must all be in one resolution. Since they are in D(1, II), however, 
the lemma on repeated blocks shows that only two of the usual 12 comple- 
tions can be used and in each of these, the only resolvable forms have S5 = 
(168,259,347) in the upper design. The two are isomorphic so we have one 
design pair with S5 = (168 cid, 259 bfg, 347 ahe), S6 = (147 bdg, 268 afh, 
359 cei), S7 = (158 age, 249 cdh, 367 bfi), S8 = (169 beh, 257 aid, 348 cfg). 
There are 6 matrices of type B2. 
5. RENORMALIZATION EQUIVALENCES 
We now have 36 ordered design pairs, and therefore 6 x 36 possibly in- 
equivalent matrices. Often however renormalization by a different set of rows 
changes one design pair to another. The 216 matrices fall into 133 classes by 
simple relabelling of the rows 7 - 24. These classes form 20 inequivalent 
classes. In the first seven classes, all matrices in a class are equivalent. In the 
eighth, there are 2 inequivalent ones. (4s. 112 $ (324, 112 “) have no represen- 
tatives. 
Conjecture. If i and j are rows of a Hadamard matrix then there is a pair 
P, Q of signed permutation matrices such that PHQ = H and row i is moved 
to row j. 
HADAMARD MATRICES 115 
class names character transpose character 
1. RI s 678 12 12 
2. 687,876,768 12 6 
3. 786,867 12 3, 
4. Rl a 678 6 12 
5. 687,876,768 6 6 
6. 786,867 6 3, 
7. Rl b 678 4 12 
8. 687,876,768 4 6 
9. 786,867 4 3, 
10. Rl c 678 31 12 
11. 687,876,768 31 6 
12. 786,867 31 3, 
13. RI d 678 3a 12 
14. 687,876,768 3, 6 
15. 786,867 3, 3, 
16. R2 s 678 12 6 
17. 687,876,768 12 4 
18. 786,867 12 31 
19. R2 al 678 4 6 
20. 687,876,768 4 4 
21. 786,867 4 31 
22. R2 a2 678 4 6 
23. 687,876,768 4 4 
24. 786,867 4 31 
25. R2 d 678 3, 6 
26. 687,876,768 3, 4 
27. 786,867 3, 31 
28. R3 s 678 12 31 
29. 687,876,768 12 31 
30. 786,867 12 3, 
31. R3 a 678 4 3, 
32. 786,876,768 4 31 
33. 786, 867 4 3, 
34. R3 d 678 3, 32 
35. 687,876,768 3, 31 
36. 786,867 32 3, 
37. R4 678 12 4 
38. 687,876 12 2 
39. 768 12 6 
40. 786,867 12 3, 
41. R5 678 12 3, 
42. 687,768,876 12 31 
43. 786 12 2 
44. 867 12 4 
45. R6 678 12 4 
46. 687 12 2 
47. 768,876 12 3, 
48. 786,867 12 2 
49. R7 678,867 12 2 
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class names character transpose character 
50. 
51. 
52. 
53. R8 
54. 
55. 
56. 
57. R9 
58. 
59. Al.la 
60. 
61. 
62. 
63. 
64. Al& 
65. 
66. 
61. 
68. A1.3a 
69. 
70. 
71. 
12. Al.7abc 
73. 
74. 
75. 
76. Al .7acb 
77. 
78. 
79. 
80. Al .7bac 
81. 
82. 
83. 
84. Al.7bca 
85. 
86. 
87. 
88. Al.10 
89. 
90. 
91. 
92. Al.lb 
93. 
94. 
95. A1.2b 
96. 
97. 
687,876 12 2 
768 12 3, 
786 12 31 
678 12 31 
687,768,876 I2 2 
786 12 1 
867 12 2 
678,867,786 12 2 
687,876,768 12 2 
67S, Al .4a 
6S7 
76s 
S76 
7S6, S67 
6S8, S86, Al .6a 
68s 
S68,8S6 
86s 
S78,8S7 
S87,7S8 
78s 
87s 
678,786 Al .7cab 
687 
768, 876 
867 
678,786, Al.7cba 
687 
768,876 
867 
618,786 
687 
768,816 
867 
678,786 
687 
768,816 
867 
678, 867, Al.1 1 
687,768 
786 
876 
678, 786, 867, 
A1.4b 
687, 876 
768 
678, 786, A1.6b 
687 
768, 876 
86S, Al .9a 68S, A1.12a 68s 3 3, 
S68 6S8 S86 4 2 
68s 86s 86s 4 31 
8S6 S86 6S8 4 4 
S86,6S8 8S6, S68 S68,8S6 4 3 
7S6, S67, AlSa S87,7S8, Al.88 S86,6S8 4 2 
76s 
S76,6S7 
67s 
678,786 
687 
768,876 
867 
678,786 
687 
768,876 
867 
867,786 
876,687 
768 
678 
78s. 68s. 4 2 
S78,8S7 S68,8S6 4 31 
87s 86s 4 4 
4 3, 
4 2 
4 4 
4 6 
31 31 
31 4 
31 4 
3, 6 
4 3, 
4 4 
4 4 
4 6 
4 31 
4 4 
4 4 
4 6 
6 31 
6 4 
6 6 
6 6 
6 2 
6 2 
6 31 
6 3, 
678,786, 867, 678, 768, 876, 687, 876,768 6 31 
A1.9b A1.12b 
768,876 678,786 678,786 6 2 
687 867 867 6 31 
786,867 6 2 
768 6 2, 
687,876 6 3 
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class names character transpose character 
98. 867 678 6 41 
99. Al.3b 678,867 6 3 
100. 687,768 6 2 
101. 786 6 4 
102. 876 6 6, 
103. Al.5b 678,867, Al .8b 768,876 6 3 
104. 687, 768 678,786 6 2 
105. 786 687 6 2 
106. 876 867 6 41 
107. A2 678,786,867 3, 3 
108. 687 31 2, 
109. 768 31 3 
110. 876 3, 4 
111. A3 678 4 4 
112. 687 4 2 
113. 768 4 6 
114. 786,867 4 3, 
115. 876 4 2 
116. Bl.la 678 3, 31 
117. 687 31 4 
118. 768 31 31 
119. 786,867 3, 3, 
120. 876 3, 3, 
121. Bl.lb 678 4 31 
122. 687 4 4 
123. 768 4 31 
124. 786,867 4 31 
125. 876 4 31 
126. Bl.2 678 4 31 
127. 687 4 31 
128. 768 4 2 
129. 786 4 2 
130. 867 4 31 
131. 876 4 31 
132. B2 678,786,867 3, 4 
133. 687,768,876 3, 4 
The classes distributed by character and transpose character, Note that nt 
under (x, y) means n has characters (v, x). Character 3, means that the four 
character collections have 3 columns of common agreement, and 3, means 
they have nine. 
(12, 12) 1 
(12, 6) 2, 4t, 16, 39, 
(12,4) 7t, 17, 37, 44, 45 
(12, 3,) lot, 18, 29, 42, 47, 52, 53 
(12, 32) 3, 13t, 28, 30, 40, 41, 51 
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W,2) 
(12, 1) 
6 6) 
(634) 
(6, 3,) 
(6,32> 
(62) 
(6 1) 
(434) 
(4,32) 
(4,321 
(4>2) 
(4, 1) 
(31 7 31) 
(31 3 32) 
(31 3 2) 
(31 7 1) 
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38, 43, 46, 48, 49, 50, 56, 57, 58 
55 
5, 87, 102 
gt, 19t, 22t, 71t, 79t, 83t, 85, 86, 98, 101, 106, 113t 
Ilt, 7Y, 84, 90,91,92,94,97,99 
6, 14t, 25t, 103 
88, 89,93,95,96, 100, 104, 105 
20,23,62, 67,70,77, 78, 111, 122 
21,24,32,59,61,63,66,68, 73t, 74t, 76,80,81,82, llOt, 117t, 121t, 
123, 124, 125, 126, 127, 130, 131, 132t, 133t 
9, 26t, 31, 33, 114 
60, 64, 65, 69, 112, 115, 128, 129 
72, 107, 116, 118, 119, 120 
12, 27t, 35t, 109 
108 
(3, ,321 15, 34, 36 
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